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1. INTRODUCTION 
Endomorphism rings of injective modules are F-semiperfect, i.e. they 
are (v. Neumann) regular modulo their radical and idempotents can be 
lifted [S, 4.1 i-4.101. Oberst and Schneider [5] have shown that a ring R 
is F-semiperfect iff every finitely presented left (right) R-module has a 
projective cover. We specialize further to a minimum condition somewhere 
between P-semiperfect and perfect: R is called left weakly perfect iff R 
satisfies the minimum condition on principal right ideals which are not 
direct summands, in other words, for every strictly descending chain 
alRzazR?aaR? . . . with aa E R, almost all a, are regular elements)*. 
The commutative weakly perfect rings will turn out to be amusing half- 
breeds of “regular” and “perfect”, and they are non-injective if neither 
regular nor perfect. 
Following Bjijrk [3] we call a module coperfect, in case it has the 
minimum condition on cyclic submodules. 
2. Regular rings and left perfect rings are trivial examples of left 
weakly perfect rings. We start by giving two additional examples. 
EXAMPLE 1. Let F be a field, R an F-algebra with basis, 1, 5, et, i EN, 
where 1 acts as a two-sided unit, the et are orthogonal idempotents, 
and e$x= &ix resp. xel = x.x= 0. A typical element of R has the form 
z = 1.01+ ze& +xy, 01, pi, y E F. If OL= 0, then zR and Rz are clearly 
artinian. Otherwise, z is regular, since the following system of equetions 
is always solvable by &‘, y’ E F (it is convenient to norm 01= 1) : 
*) a is regular if ara =a for some r E R. 
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EXAMPLE 2. Again, let F be a field and let S denote the subring of 
FN consisting of all ultimately constant sequences. F is an S-module 
via XS: =xu(~), for x E F, s E S, where o(s) is the component of s occurring 
infinitely many times. Then R = S x F with (81, x1) . (52, ~2) = (515z,zr52 + ~281) 
is a commutative ring. A principal ideal (s, x)R is easily checked to be 
ooperfect iff a(s) = 0. In case a(s)#O, choose s’ E S with ss’a =s and verify 
(6 XM’, -4442)(% 4 = (6 4. 
Example 2 exhibits the following properties which are always sufficient 
for a ring R to be left weakly perfect (see proof of Th. 5): The Jacobson 
radical J of R is contained in all non-coperfect right ideals, J is a nilideal, 
and R/J is regular. In the commutative case these conditions are also 
necessary. In general, the first condition may be violated (Ex. l), whereas 
the remaining two are always necessary: 
THEOREM 3. If R is left weakly perfect, then J is left T-nilpotent, 
and R/J is regular. 
The proof is based on the following lemma: 
LEMMA 4. For a projective (right) R-module P, the Jacobson radical 
has the form Ra(P) = {Z E P: xR = (x-zol(z))R, for all 01 E Horn~(P, R)}. 
PROOF. Clearly, the left-hand side is contained in the right-hand side. 
For the converse, let xR = (x-xa(x))R for all 0~. Since x is a finite sum 
of elements x8&i(x), it is enough to show that a(~) E J for all 0~. But, for 
T E R, c+)r is checked to be right quasi-regular [4, p. 851 by applying 
01 to the equation zr=~s-(x(rol)(z))s=x~--XZTOL(XS) with some SER. 
PROOFOF TH.~. For&:LEN} C J, the descending chain (al* . . . .akR)b,N 
does not contain a direct summand. Therefore it is ultimately constant, 
which means al. . . . .a,(l--a,+ir)=O for some n and hence al.....a,=O. 
For the second part we may assume J= 0, because factor rings of R 
are again left weakly perfect. For Ofrr E R there exists sr E R such that 
rlR 2 (rl- rmrl)R by L.4. In case rs = rl - rlsirl#O, continue in the same 
way with rz. If r,+i= 0, then r, is regular. If none of the r, is zero, 
we obtain a strictly descending chain rlR 2 rzR 3 rsR 2 . . . which must 
contain a direct summand. In eitber case we obtain a regular element r,, 
and by a repeated application of McCoy’s lemma m-l, m-2, . . ., rr are 
also regular. 
REMARKS. 1. The conclusion of Th. 3 amounts to the same as the 
following “Morita-invariant” condition: R is F-semiperfect, and arbi- 
trary direct sums of (left R-) projective covers are projective covers. 
(Using the method of [l, L. 28.31 it is easily checked that J is left 
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T-nilpotent iff direct sums of projective covers are projective covers). 
In contrast to this, the property “weakly perfect” is not inherited by 
Morita equivalent rings: If R is as in Ex. 2, then the matrix ring R(W) 
is not left weakly perfect. 
2. Weakly perfect is a one-sided property: By Th. 3 a right perfect 
ring is left weakly perfect iff it is left perfect. 
3. THE COMMUTATIVE CASE. 
THEOREM 5. For a commutative ring R the following statements are 
equivalent : 
(1) R is weakly perfect. 
(2) J is a nilideal contained in all non-coperfect ideals, and R/J is 
regular. 
(3) Every non-coperfect principal ideal is a direct summand of R with 
regular complement. 
(4) R is regular, or every non-coperfect ideal is a direct summand 
of R with semisimple (artinian) complement. 
(5) R is either perfect, or J coincides with the intersection of all 
non-coperfect ideals, and R/J is regular. 
PROOF. (1) =+ (3). By hypothesis every non-coperfect principal ideal 
aR contains a non-coperfect direct summand eR, e2=e. In order to show 
that (1 - e)R is regular, let b E (1 - e)R. For any strictly descending chain 
alR?azRzasRz . . . of principal ideals in eR, the chain (ai+ b)R 
2 (az+b)R? . . . is again strictly descending. Thus some element a,+ b 
is regular, and so is b. From the fact that (1 -e)aR is a direct summand 
of (1 -e)R, we conclude that aR is a direct summand of R. 
(3) =+ (4). Let R be not regular, A C R non-coperfect and es = e E A such 
that eR is non-coperfect. (1 - e)R is regular by (3), so eR is not. Apply (3) 
again to see that (1 -e)R is coperfect. A regular, coperfect ring being 
semisimple, (1 - e)A is a direct summand of (1 - e)R, and A is a direct 
summand of R. 
(4) ti (2). Assume that R is not regular. Since non-coperfect ideals 
are of the form eR, e2 = e, with (1 - e)R semisimple, we have (1 - e)J = 0, 
that is J C eR. The rest follows from Th. 3. 
(2) =+- (5). The intersection 1 of all non-coperfect ideals is clearly 
coperfect. If R is not coperfect ( = not perfect), then 1 does not contain non- 
trivial idempotents: Let ea=e E I. Since eR is coperfect, (I- e)R is not, 
that is I C (1 -e)R and e= 0. Since by Bjork’s Theorem [2, Th. l] a 
coperfect ideal without non-zero idempotents is a nilideal, we conclude I C J. 
(5) d (1). J is a coperfect ideal without non-zero idempotents and 
consequently a nilideal. Since the canonical image of a non-coperfect 
ideal aR in R/J is a direct summand of R/J and idempotents can be 
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lifted modulo J, we can choose e2 = e E R such that 
aR-tJ=eR+J=eR@(l-e)J. 
Because (1 - e)J is coperfect, eR is not, and by (5) both aR and eR 
contain J. Thus aR =eR. 
COROLLARY 6. Let R be commutative and weakly perfect. If R is 
injective, then R is perfect or regular. 
PROOF. Assume that R is injective and neither perfect nor regular. 
Thus R/J=S contains an infinite set (ei)trN of orthogonal idempotents, 
and by Th. 5 the complement (1 - e)S of a non-coperfect direct summand 
eS is artinian. Injectivity of S [6, Th. 4.81 guarantees the existence of 
a E S such that aer = et for i odd and set = 0 for i even (any map @ e&!J -+ S 
is a multiplication). Thus for aS=eS, e’2 =e, both eS and (I- e)S are 
non-coperfect, a contradiction. 
REMARKS. 1. If R, S are not necessarily commutative rings, R left 
perfect but not artinian and R x S left weakly perfect, then S is left perfect. 
(The argument in the proof of Th. 5, (1) +- (3) * (4), goes through for 
a central idempotent e). This yields a plethora of counterexamples for 
a converse of Th. 3. 
2. By Bjark a left perfect ring satisfies the minimum condition on 
finitely generated right ideals [2, Th. 21. In general, a left weakly perfect 
ring does not satisfy the minimum condition on finitely generated right 
ideals which are not direct summands (let R be as in example 1 and 
consider the right ideals (1 -&I eg)R @xlR, k EN). But if R is 
commutative weakly perfect, the stronger chain condition is satisfied: 
We may assume that R is not regular. If A1 1 A2 2 AS 2 . . . is a strictly 
descending chain of finitely generated ideals, then the At are not coperfect 
by [2, Th. 21 and hence are direct summands of R by Th. 5 (4). 
3. Let R be commutative, weakly perfect, but not regular. Then every 
non-zero R-module contains a simple submodule: Since every factor 
RIAfO is again a weakly perfect ring, it suffices to show that R contains 
a simple ideal. In case R is perfect, this is well-known. Otherwise, there 
is a non-coperfect direct summand eR 5 R with (1 - e)R semisimple. 
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